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Abstract. We look at a real scalar field in thermal equilibrium in the context of the new normal
ordering and field split defined by Evans and Steer (EBvRi$ and StaeD A 1996 Nucl. Phys.

B 474481). We show that the field split defines a natural canonical transformation, but that this
transformation differs from others known in thermal field theory.

1. Introduction

In a recent work [1], the concept of normal ordering in path-ordered approaches to thermal
field theory [2—6] was discussed. In particular it was shown that with a new definition, one can
ensure that the thermal expectation value of all normal-ordered products are zero. This is true
for all types of fields and for all contours in the complex time plane, including Matsubara’s
imaginary time contour [2]. As a result, the canonical derivation of quantum field theory
(QFT) at finite temperaturel’, can be seen to proceed just as at zero temperature. In [1]
normal ordering was defined in terms of the split of the field, ga&y), into ‘positive’ and
‘negative’ parts:

v =y @+ ). @)

In the following discussion we keep the labels ‘positive’ and ‘negative’ even though, as was
shown in [1], the preferre@ > 0O split is more general than the usdal= 0 split and isnota
split into positive and negative energy waves.

We remark that the use of a more general splitis natural since in QFT the main task of field
splitting is not so much the separation of the field into positive and negative energy waves,
but its separation into annihilation and creation operators. Thus the real problem is which
definitionof the annihilation and creation operators to use in order to best describe the physical
system under consideration. In other words, it is important to choose the correct physical
representation of the underlying algebraic structure of the theory, since the representations
have a different physical content and the algebra alone does not determine the annihilation and
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creation operators. The fundamental property of QFT is that there are infinitely many such
representations, and this allows it to represent a wide variety of physical phenomena [7].

There are many examples of this. In spontaneous symmetry breaking, the value of the
order parameteselectthe appropriate physicahcuunmand thus the appropriate representation
of the canonical commutation relations. This means that the irreducible set of physical fields
is not givena priori, but is dictated by the symmetry breaking condition [7]. In a similar
way, in flavour oscillations (such as in kaon or neutrino systems) a non-trivial choice of
appropriate physical vacuum is made [8]. This problem must also be faced when working
with quantum fields in curved space time [9, 10] or when studying the canonical quantization
of gravitational wave mode evolution in inflating universe [11]. Closely related is the need to
pick representations carefully when quantizing dissipative systems [12]. In all the above cases,
Bogoliubov transformations [13] play a central role, and the new creation and annihilation
operators defined by such transformations are invariably related by hermitian conjugationt.
Finally, we note that careful attention is needed to defingotbper creation and annihilation
operators in the quantization of two-dimensional gravity models [14].

Returning to the thermal field theory context, it is well known that the very same patrticle
concept loses any meaning at non-zero temperature [15, 16]. There is, therefore, an intrinsic
physical relevance in the study of how to define and to deal witticle creation and
annihilation operators, if any, at finite temperature, and in the understanding of to what extent
it is possible to associate a meaning to them in terms of physical excitations. In a word,
the problem of how to construct a formalism which is ‘canonical’ is a crucial, and in some
respects an urgent problem to solve. The discussion we present in this paper is a contribution
in such a direction. Our standpoint is that, in a similar way to classical mechanics and to zero
temperature QFT, searching for and studying the properties of the canonical transformations
of the theory is a priority in order to keep contact with the physical content of the formalism.

Itis well known that in thermal field theory, Bogoliubov transformations are central to the
approach known as thermo field dynamics (TFD) [3-5, 16, 17]. There the correct choice of
vacuum depends on the temperature, but otherwise the derivation is very similar to the canonical
approach to zero temperature QFT. An interesting point to note—which will become relevant
later—is that in TFD it is possible to work with a pair of canonical operators whictmaire
hermitian conjugates«(# % in the notation of [16]). Such non-hermitian representations give
the same physical results at equilibrium and indeed aene () is favoured both in and out of
equilibrium [5, 16].

Given the prevalence of Bogoliubov transformations in quantum field theory and their
central role in the TFD approach to thermal field theory, it is surprising that no such structure
has been found in the alternative path-ordered approaches to thermal field theory, which is the
context of the new normal-ordered product of [1]. The path-ordered formalisms are all based
on a contour in the complex time-plane which erdg below its starting point [2—-6]. They
come in two varieties, real- and imaginary-time formalisms. The real-time versions are distinct
from TFD [4] (for example the various fields and their creation and annihilation operators
have distinct properties) but perturbatively they are completely equivalent in equilibrium, thus
reflecting an underlying relationship [5, 18]+. In the real-time path-ordered approaches a
thermal Bogoliubov transformation appears, but only post hoc, say when the structure of the
propagator is analysed. However, there is no sign of a thermal Bogoliubov transformation in
the imaginary-time approaches.

T In some of the above situations, since the Lorentz (Pogcavariance is lost, the notion of vacuum (and thus of
field splitting into positive and negative frequency parts) is in fact missing. And this brings us back to the problem of
thedefinitionof the annihilation and creation operators [9] and ofheper normal ordering.

¥ This similarity has led to confusion in the literature over nomenclature.
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The split discovered in [1] by considering normal ordering in path-ordered TFT combines
annihilation and creation operators in a way that is reminiscent of Bogoliubov transformations
used in other problems. The aim of this paper is to elucidate the precise relation between
the split of [1] and canonical transformations. In section 2, we introduce our notation and
summarize the results of [1] focusing on real scalar fields. In section 3 we search for a
canonical structure in those results. This structure is then put in the context of Bogoliubov
transformations in section 4. In section 5 we present our conclusions, and discuss extensions
of our work to other fields.

2. Normal ordering and field splitting

We consider real scalar relativistic fields
1 . .
pe) =) N (HER™ +al (e ) @)
k k

whereay, (1) = e g, andV is the volume of the system. The precise form of the dispersion
relationis unimportant; we only require thaf = w_;. The annihilation and creation operators
ar, a,: obey the canonical commutation relations

[ak. al] = 8w 3)
and all other commutators are zero. The vacuum state fisrdenoted by0); a,|0) = 0. We
consider thermal equilibrium and denote thermal averages by double angular brackets:

1
({1 = gTr{eﬂ“”...}. (4)

Here... means any operatof/ is the HamiltonianZ is the partition function ang is the
inverse temperature8 = 1/T (kg = 1). The trace is over a complete set of states for the
system. Since we have no chemical potential

(ajap)) = by (laxal)) = (L +n)8k (5)
wheren,, is given by the Bose—Einstein distribution
1
= —. 6
ng Por — 1 (6)

In [1] normal ordering was defined in terms of the arbitrary split (1), so generalizing the
traditionalT = 0 definition. Wealwaysdefine normal ordering to strictly mean that @at)-
fields are moved to the right ¢f-)-fields; otherwise the order of the fields is left unchanged.
For example,

Nigrpol = ¢y d5" + 61705 + 657917 + 91795 (7

Where¢i = ¢(x;, t;).

Using this generalized definition of normal ordering, it was shown in [1] that Wick’s
theorem holds in its usual forifh a split is chosen such that the contraction issumber.
This is satisfied by splits (1) which are linear in the annihilation and creation operators and only
these were considered in [1]. It was then shown that if the fields are split such that the thermal
expectation value of two-point normal-ordered products vanish, then the thermal expectation
value of alln-point normal-ordered products vanish.

The only splits which guarantee th@iV[¢1¢-])) = 0 for all times were shown in [1] to
be

1 . )
V) =) Tyl - foare™  + grale ] ®)
k k

o7 (x) = [ frare ™ + (1 — gr)a €] 9)

1
Xk: A/ Za)kV
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where there are two solutions fgg andg;, namely
fie = —ni + sp[ni(ng, + D]Y2 g = —ni, — sp[ni(ny, + 1] (10)
Note thats;, can be chosen to be a function of both the sind direction ofk.
These solutions were derived within the context of the path-ordered approaches to thermal
field theory. The solution is independent of the curve chosen and so all the work in [1] and in

the present paper applies to both imaginary-time and all real-time path-ordered approaches to
thermal field theory.

3. Searching for canonical transformations

The split (8), (9) contains factors which are reminiscent of those seen in Bogoliubov
transformations, and particularly those encountered in TFD. It is therefore interesting to see if
this new split defines any new canonical operators and if so, whether those operators can be
given any physical significance.

We may rewrite the split (8), (9) as

ek X, (1) ekrx (1) (12)

dy, - dy,
™ — =) =
¢ ; A/ Zka ¢ Zk: «/Za)kV
whered,, is a normalization factor to be determined later, and the new oper&ijoasd X,
are given by

(1= _
X, () = giont ( fk) ay, + e+|wktg—kajk (13)
dy, dp,
. 1=
X,bc(t) = e"w"'t&a_k + e+"”’°’—( gk)a,:. (14)
dy, dy,

Note that the new definition of normal ordering, (7)—(9), is now equivalent to the rule of putting
all ‘annihilation’ (‘creation’) operatorXy, (X,Z) to the right (left), just as we are used to at zero
temperature. We know from the work of [1] that this will guarantee that the thermal expectation
value of any normal-ordered product of fields vanishes. Thus for this finite temperature system,
X andX',’c seem to mimic the usual creation and annihilation operators.

We have introduced a new operation, which we call ‘flat conjugation’ and denote with a
b symbolt. Flat conjugation is defined by (14) and it consists of both hermitian conjugation
and the exchangg < g:

A’[f. gl = (ALf. gD = (Alg. /D' (15)
for any operatord, so that(A”)” = A. Theb-operation is needed because it, and not the
hermitian conjugation, now relates the two parts of the field,

[60) = ¢ #[6™]". (16)
Only atT = 0, wheref, = g, = 0, does» = T from (15), and there we recover the usual
relationship

[¢©) = [¢M]" = ¢ (17)

If we also enforce that thE;, operators satisfy equal time canonical commutation relations
[Xk(0), X)(1)] = Skp (18)
[Xk (1), Xp(0)] = 0= [X;,(1), X, (1)] (19)

T Throughout this paper we use musical symbols to denote non-hermitian operations. This follows Henning [16]
who uses the ‘sharp’ symbal, to cope with the non-hermitian naturemt~ % TFD representations.
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we find that the last two equations may only be satisfied if we chgoses_;. This determines
the normalization factoriy, to be

dy =d_, = (1+2n)"2 (20)

Thus the normalization factor which appears in the fields (12) is the square root of

dl? 1 ,Ba)k 1 2 2
= coth{ — ) = — [ dko[O(ko) + 3(k§ — 21
oV~ 20V ( 5 V/ 0 [0 (ko) + niy|]8 (kg — @}) (21)
which is the familiar phase space density factor of finite temperature field theory.

With a view to the interpretation of th¥;, operators, observe that there are some bilinear
normal-ordered combinations of thig which arenotzero whenthermal averaged; for example

(XX ) = —({(Xe X&) = V(L +np). (22)

This represents a non-trivial problem in any attempt to interprektheperators in terms of

some type of new thermal excitation. However, such analysis is better posed in the language of
bilinear transformations [17, 19] including Bogoliubov transformations. In any case the split
(12) is reminiscent of structures seen with Bogoliubov transformations. We now rewrite the
Xy, operators in this language.

4. The canonical transformation structure

From the definition ofX, and X,bc, we see that they mix; and aik operators carrying
opposite momentum. Such a mixing often appears in many other contexts, e.g. cosmological
perturbations [20] and BCS theory [21]. The important point is that for any givea 0,

a, a; commute witha_, a', ; more generally

[ar, al] = 8.p. [ax. ap] = [a}, al] = 0. (23)

That is, for a giverk £ 0, we think of the setay, a,l} and{a_p, aik} as being independent.
Canonical transformations mixing these two sets [20, 21] arise naturally if we consider the
Fourier amplitudes of the real fieltland its conjugate (x) = ¢(x);

1 i
- = ke 24
P() = —= ;qkme (24)
1 ik
= — k@ 25
7(x) 7 ;pkme (25)
Here
a) = —— @0 +a, @) p0=1(5) @ —ar) (26)
W) 2 2
Q) =q k@) pit) = pr@t) 27)
and
gk (), pr ()] = (8 1. (28)

Observe first that by definitiop, andg, mix creation and annihilation operators with opposite
momenta. Secondly, considerescalingoperation of they and p operatorsig, — e gy,

pr — &% p,. This preserves the commutation relation (28)day functioné,,. However, in
order to preserve the hermitian relationship (27) betwgeamd p for positive and negative
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k, one must choosé, = 6_,. Then the rescaling of and p generates a Bogoliubov
transformation amongst the creation and annihilation operators;

ax — by(0) = €168 @ g, 9@ — 4 coshpy, — a', sinho (29)

aj — bi®) = [b(®)]' (30)

a_p — b_y(0) =@ q_ d9@ = 4, coshy;, — a sinhoy (31)

aly, = b1,0) = [b_x @] (32)
where

Gp(6) = 12 Xk: Oulatal, — a_par] (33)

and P (6), b;(e)] = &j,p With all other commutators zerot. This transformation defines a
new vacuum for thé operators

00))) =e*@10)  b(6)|0©))) =0 (34)
which is orthogonal td0] in the infinite volume limit. This leads to relations such as
sintP(6) = ((0@)]agax|08))) = (0lbL(—8)by,(—6)|0) (35)

where we have used the hermitian property of this transformation to write down the two
equivalentforms. Inthe context of thermal field theoriesgthe % formulation TFD [3,16,17]
uses a similar Bogoliubov construction. Thégds related to the particle number distribution
functions though (35).

It is interesting to note, however, that rescalingnd p with an odd function ob,, leads
to a straight rescaling of the annihilation and creation operators,

ar — ai(0) = ek Nk g, @ L OkNk — @0k g (36)
a,: — a;: 0) = exr G’CN’“a,:ef 20Nk — eg’“a,: (37)

where the sum is over all momenta, aiVg = a,:ak. Note that unlike the case of the

Bogoliubov transformation (33), this rescaling transformation dagamix operators with
opposite momentum. Thus in fact (36) and (37) hold for all momenta and for any fufgtion
However, only for odd functions does it correspond to a rescalirgasfd p. The important
point to note is that unlike the Bogoliubov transformation, this transformatiootisermitian,
and as a result it is not usually discussed. It does though lead to a canonical set of operators;
[a,(8). a’pﬂ(e)] = 8, with all other commutators zero. Here the ‘natural conjugation’,
consists of hermitian conjugation and the replacemeat —6 (37). Amusingly, if we put
Or = wyly, this rescaling is a Euclidean time translationziyand such rescalings play a key
role in all path-ordered approaches to thermal field theory. They also appear in TElaéfér
formulations [16]. Thus rescaling transformations are in fact extremely common.

Having turned away from hermitian transformations, we can return to the Bogoliubov
transformation (29)—(32) and note that there is another closely related canonical pair related
by thet operation:

1 1 ) 1 |
a — e(0) = —by(0) = —— eIV ) = = [4; coshhy —a', sinhey] (38)
my, mi My
1 1 A
aik - Cu_k(e) = —[b,k(—e)]Jr = _e'GB(f?)aike—lGB(e)
nyp my,

T The factor of% is needed becausg andéd_, are regarded as tteameindependent variable. The poikt= 0 is
omitted from the summation.



On normal ordering and canonical transformations 1191
1 . +
= —[ag Sinh6y, + a_, coshp] (39)
my

1 1 .
a_p = c_p(0) = —b_p(0) = —e ' Oq_, d9r®
mg M

1 .
= —[a_i coshby, — a; sinh6y] (40)
mg
t or_ 1 t_ L d6a Gy _ L - T
a, — ¢, = m_k(bk(_e)) = m_k a,€ = m_k[a_k sinhy, + a;, coshy] (42)
with
my = m_y, = [SiNK? O, + cosif 6;,]%2 (42)

where we have usedz(—0) = —G(0). Observe that the conjugation is defined as above,
and that it is responsible for the change of sign in front of gitdrms in moving from (38) to
(39), or from (40) to (41). Itis also responsible for the origin of the normalizatign, This
transformation preserves all the commutation relations

[ck. ] = Sup [k, cp) = [cf. 3] = 0. (43)

Now we return to the case of thé, operators (14). The analysis is made much simpler
by introducing a specific temperature dependent asigle- o, to parameterize th& > 0
split defined by (10). Note thaf, and g, involve the Bose—Einstein distributions through
factors likeny, 1 +n; and their square roots. In many situations in thermal field theory the
special properties of these distributions are crucial and may be encoded by the use of hyperbolic
functions. Thus we are led to write

ng = Sinhz(O'k) = (44)

1
efor — 1
though this does not fix the sign ef. Again, TFD is especially inspirational as it uses the
same parameterization for the Bose—Einstein distributjof8—5, 16, 17] though it applies it
in a different way.

In terms ofoy,, the functionsf;, andg;, of (10) can be rewritten as

fr = € % sinh(oy,) gr = —€” sinh(oy,) (45)
(1 — fx) = € coshoy) (1 — gr) = €+ cosh(oy,). (46)

This shows that changing the sign&f is equivalent to swapping thé, andg; functions.
Thusb-conjugation is hermitian conjugation plus the exchatige> —oy; that is, for some
operatorA[o] we have

(Alox])” = (A[—axD™. (47)

Thus we see that theandt operation are identical if we sét= o in the definition ofy.
We may now re-write thé&(;, operators of (14) in terms af, (dropping the-dependence
for notational simplicity);

1
X = d_(Cosf(ok)e*"kak - Si”h(ffk)eok“ik) (48)
k

1
X0 = a(sinh(ak)e“’ka,k + coshoy)€™a)) (49)

whereoy, = +o_g, s = +s_. From these equations it is straightforward to see that we can
now view theX, operator as being generated by the combination of a scaling transformation,
which generates the parts%q; and é‘kaik of (48) according to (36) and (37), and the new
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transformation of (38)—(41). Thus, depending on the order in which we carry out these two
operations, we may write

X, = %(efiG},(a)eZk Nk g, @ L ki G (@)) (50)
— %(ezk”kae‘iGB(”)akeiGB(“)e_Zk”ka) (51)
and
lec — %(eic’g(a)ezk o*k.NkaI:ef S UkaefiG'B(U)) (52)
— i(ezkokaeiGB(a)a;e—iGB(a)e—Zkaka) (53)
with
dy = d_j, = (cosh203,))"/? = (1 + 2n;) 2. (54)
Here
Gy(o) = ;ok[a’iafk —d' d] = —(G(0)) (55)

where a, and a}f are implicitly functions ofe and are defined in (36) and (37) (with
0 — o,§ — b). Thus, finally, we see that the neMy, are related to the original, by a
combination of a Bogoliubov-like transformation (38)—(41) and a scaling transformation (36),

(37).
We can also construct the vacuu|®y (¢)), for the X,, operators
Xi(0)|0x (1)) = (Ox ()| X, (1) = O. (56)
From (50) we see that the ket vacuum must be
0x (1)) = Ne'“|0) (57)
— 1 /b b
=N ]‘[ ] exp[tanhoy)a’}. (H)a” 1. (1)]]0). (58)

k
The X vacuum is therefore a condensate of zero-momentum pairgefticles. In defining
the bra vacuum, care must be taken to enstzenjugation is consistently used rather than
hermitian conjugation. Thus from (52) we can define

(Ox ()] = (10x (1)) # (10x () = (0" N (59)
= (0|95 N
1 / /
= (0[N 1;[ costion P antenauna’-k()- (60)
The normalization factoW is not trivial and we find
(0x()[0x (1)) =1=> N =[] di. (61)
k

In the infinite volume limit we have
(Ox (1)]0) (0|0x (1)) — OVt V — oo. (62)

We now have the full structure of the new operatégsand their associated Fock space. At
this stage in the usual examples of Bogoliubov transformations (symmetry breaking, TFD, etc)
we would show that the physical vacuum was the transformed vacuum and not that associated
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with the physical operators. When we attempt to do this here, we find that for a general
operatorA[a, a'] we have

(0x(]A[a, a"|0x (1)) # ((A)). (63)
For example,
-1
- - T _
010wy O DlearlOx (D) = o # (64)
1
T =
(0x ()10 (1)) (Ox (D) laxay|0x (1)) = xp o 1 £ 1+ny. (65)

Hence the vecto0y (7)) (and(Ox (¢)|) is not a thermal vacuum

5. Conclusion and outlook

In this paper we have discovered a new set of canonical operators for real scalar fields in thermal
equilibrium—theX;, of (48) and (49)—for all path-ordered approaches to thermal field theory
such as Matsubara’s imaginary time-formalism. These follow from the redefinition of the
normal-ordered product found necessary if the canonical approach path-ordered thermal field
theory is to proceed in the usual way [1]. We have then shown that treee produced from

the original creation and annihilation operators by a pair of transformations, one Bogoliubov-
like and one rescaling (50) and (53). Finding these transformations is not trivial since the
conjugate paiXy, andX,”c are not related by hermitian conjugation but by our flat conjugation,
(47), so we have had to look beyond the standard transformations of the literature.

Through the use of Bogoliubov transformations in QFT, one is usually able to talk in terms
of quasi-particles, or in the case of TFD one is able to replace the thermal trace with a thermal
vacuum. Unfortunately, both the lack of a hermitian structure and the inability to duplicate
the thermal trace results using the vacuum ofXheoperators means that it is difficult to give
a meaning in terms of physical excitations to this new set of canonical opegiorEhis is
not surprising in view of the mentioned difficulties of defining the particle concept at finite
temperature. What is relevant, and in some sense it is our main result, is that nevertheless,
the formalism may support a canonical transformation structure. Hence, as we have shown,
well-defined vacuum state (and associated Hilbert space) exists. However, such a vacuum is
not the thermal vacuum. At same time, the split in terms ofpeequations (8), (9) and (12),
guarantees that the thermal averages afiqdbint normal-ordered products of fields vanish,
which in turn makes the path-ordered approach to thermal field theory proceed in the usual
way [1].

Finally, there are some other results which are worth noting. There are in fact several
alternative sets of canonical operators based on the thermal normal-ordered product. One could
just mixay, anda,: but keep the same coefficients rather than mimndaik as we considered
in (14). This, however, would make th¢, contain a specific position dependendgyx).
Alternatively, one can perform a further rescaling of g given here X, — exp{6x} X ,

X,bc — exp{—@k}XZ for any 6, and keep the commutation relations.

Most interestingly one can exploit the freedom in the sigmpfind work with an odd
function rather than the even function we have chosen here (equivalgntte-s_; in (10)).

Still using the idea that annihilation and creation operators of opposite momenta form mutually
commuting sets, we mix just the annihilation operators (or just creation operators) of opposite
momentum to form new canonical operatd#s, This technique works for all types of bosonic
field. For example, in the case of non-relativistic fields we can define four new canonical
operatorsy, Wg, W, and Wlb based on the split given in [1]. There is some flexibility in the
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notation one can use. If we stick with the flat conjugation definition (47) and demand that
normal ordering of (7) and [1] puts the annihilation operat@is W, to the right and creation
operators¥, , W, to the left, then we find that

Vo= S~ fome 1t = M%ﬁ’)’”mm e (66)
YO = Z ﬁ[fkake‘i“k'é“] = kZO %Wzm Xy (67)
V=3 oo 6] = 2{)}%[ Watk, e (68)
YO ) = Z m[(l gr)a e dh ] = ;C(Z—“")’Z)Wl(k x)e (69)

where the sum ovet > 0 indicates that we are summing over halkofpace, including only
one of eachk, —k) pair. The commutation relations satisfied by Weare then seen to be

. Wi = (5 ) )b (70)

with other commutators zero. We are currently investigating the structure defined by these
operators and its relation to that defined by e
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